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1. Introduction
A conformal immersion X : M → R3 of a Riemann surface into space is said to be minimal if its coordinate functions
are harmonic on M . In 1980, Jorge and Xavier [11] constructed a complete minimal surface contained in a slab of R3,
disproving a conjecture by Calabi [7] on the existence of complete minimal surfaces with a bounded coordinate function.
Let D denote the unit disk of the complex plane C. They found a conformal minimal immersion X = (X1, X2, X3) : D → R3
with X3(z) = Re(z) and complete metric.
In light of the above, it appears as a natural question to determine whether any harmonic function of M can be realized
as a coordinate of a conformal complete minimal immersion in R3. Here we solve positively the problem in the simply
connected case. More speciﬁcally, we extend Jorge–Xavier’s result to prove that any non-constant harmonic function deﬁned
on a simply connected domain is a coordinate function of a conformal complete minimal immersion in R3 (see Theorem 2).
The present article is the ﬁrst one in a series of papers devoted to the construction of complete minimal surfaces in RN
with prescribed coordinate functions (see [2,3]).
In [4] it is proved that complete minimal surfaces are dense in the space of minimal surfaces in R3 endowed with the
topology of smooth convergence on compact sets. From our result, it can be deduced that complete surfaces are dense in
the space of (simply connected) minimal surfaces with a prescribed coordinate function (Corollary 1).
As usual, we denote by ‖ · ‖ the Euclidean norm in R3, and for any compact subset K ⊂ C and continuous map f : K →
R
3 we denote by ‖ f ‖ the maximum norm of f on K .
Our results come as a consequence of the following
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compact subset K ⊂ Σ and ε > 0.
Then there exists a complete conformal minimal immersion Y = (Y1, Y2, Y3) : Σ → R3 satisfying
(a) ‖X − Y‖ < ε on K .
(b) X3 = Y3 .
After proving Theorem 1 we will derive similar results concerning existence of complete null curves in C3, complex
curves in C2, Lorentzian null curves in C3 and maximal surfaces in Minkowski 3-space R31 (Section 4).
The construction of Jorge–Xavier’s surface relies on a clever use of the classical theorem of Runge with a suitable
labyrinth close to the boundary of the disk. A reﬁnement of Jorge–Xavier’s ideas led to Nadirashvili’s [18] construction
of conformal complete bounded minimal disks. Jorge–Xavier’s and Nadirashvili’s arguments have given rise to a large lit-
erature on the construction of complete minimal surfaces with other additional properties (see [14,15,4,1,13,10] and the
references therein). However, all the coordinate functions of these examples are implicit.
Despite our use of some ideas related to Nadirashvili’s technique in the proof of Theorem 1, it is not possible in general
to construct complete bounded minimal surfaces with a prescribed (bounded) coordinate function. We show a requirement
for a harmonic function on the disk to be the coordinate function of a complete bounded minimal surface in Proposition 1
(see also [19,5]).
Finally, we would like to point out that the only complete simply connected embedded minimal surfaces are the plane
and the helicoid [17,8]. Therefore, our surfaces are not embedded in general.
2. Preliminaries
This section is devoted to a brief summary of the notation and results that we use in the paper.
From now on, we denote by Σ an open simply connected Riemann surface. By the Uniformization Theorem we can
assume that Σ is either the complex plane C or the open unit disk D. Furthermore, for any r > 0, we write Dr = {z ∈ C |
|z| < r} and S1r = {z ∈ C | |z| = r}.
Consider a Riemannian metric dτ 2 in Σ . Given a curve α in Σ , by lengthdτ 2 (α) we mean the length of α with respect
to the metric dτ 2. Moreover, we deﬁne:
• distdτ 2 (p,q) = inf{lengthdτ 2 (α) | α : [0,1] → Σ, α(0) = p, α(1) = q}, for any p,q ∈ Σ .
• distdτ 2 (T1, T2) = inf{distdτ 2 (p,q) | p ∈ T1, q ∈ T2}, for any T1, T2 ⊂ Σ .
Throughout the paper, we work with metrics induced by conformal minimal immersions X : Σ → R3. Then, by λ2X |dz|2 we
mean the Riemannian metric induced by X in Σ . We also write distX (T1, T2) instead of distλ2X |dz|2 (T1, T2), for any sets T1
and T2 in Σ .
2.1. Minimal surfaces background
Any conformal minimal immersion X : Σ → R3 is given by a triple Φ = (Φ1,Φ2,Φ3) of holomorphic 1-forms on Σ such
that
Φ21 + Φ22 + Φ23 = 0 and |Φ1|2 + |Φ2|2 + |Φ3|2 = 0. (1)
Then X : Σ → R3 can be parameterized by X(u) = X(u0) + Re
∫ u
u0
Φ , for a base point u0 ∈ Σ . The above triple is called the
Weierstrass representation of the immersion X . Usually, the requirements (1) are guaranteed by introducing the formulas
Φ1 = 1
2
(
1
g
− g
)
Φ3, Φ2 = i
2
(
1
g
+ g
)
Φ3 (i =
√−1),
with a meromorphic function g (the stereographic projection of the Gauss map) and a holomorphic 1-form Φ3 such that
the zeros of Φ3 coincide with the zeros and poles of g , with the same order. The pair (g,Φ3) is called the Weierstrass data
of the minimal immersion X . The metric of X can be expressed as
λ2X |dz|2 =
(
1
2
(
1
|g| + |g|
)
|Φ3|
)2
. (2)
Notice that since Σ = C or D, then the 1-forms of the Weierstrass representation can be globally written as Φ j =
φ j(z)dz, j = 1,2,3, Eq. (1) means φ21 + φ22 + φ23 = 0 and |φ1|2 + |φ2|2 + |φ3|2 = 0, and X can be parameterized by X(u) =
X(u0) + Re
∫ u
(φ1(z), φ2(z), φ3(z))dz.u0
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The proof of Lemma 1 below exploits what has come to be called the López–Ros transformation. If (g,Φ3) are the
Weierstrass data of a conformal minimal immersion X : Σ → R3, we deﬁne on Σ the data
g˜ = g
h
, Φ˜3 = Φ3,
where h : Σ → C is a holomorphic function without zeros. Then this new data deﬁne a conformal minimal immersion
X˜ : Σ → R3. This method provides us with a powerful and natural tool for deforming minimal surfaces. From our point of
view, the most important property of the resulting surface is that the third coordinate function is preserved. Note that the
intrinsic metric is given by (2) as
λ2
X˜
|dz|2 =
(
1
2
( |h|
|g| +
|g|
|h|
)
|Φ3|
)2
.
This means that we can increase the intrinsic distance in a prescribed compact subset of Σ , by using suitable functions h.
3. Proof of Theorem 1
In order to prove the main theorem we need the following technical lemma. It will be proved later in Section 3.1.
Lemma 1. Let X = (X1, X2, X3) : Σ → R3 be a conformal minimal immersion with X3 non-constant. Consider two positive constants
0< r < R (with R < 1 if Σ = D).
Then, for any ε, s > 0 there exists a conformal minimal immersion X˜ = ( X˜1, X˜2, X˜3) : Σ → R3 such that
(L1) dist X˜ (0,S
1
R) > s.
(L2) ‖ X˜ − X‖ < ε on Dr .
(L3) X˜3 = X3 .
Assuming the above lemma, the proof of Theorem 1 goes as follows. First of all, consider r0 > 0 (0 < r0 < 1 in case
Σ = D) such that K ⊂ Dr0 ⊂ Σ . Let {rn}n∈N be an increasing sequence of positives, with r1 = r0, and such that {rn} ↗ r∞ ,
where r∞ = +∞ in case Σ = C, and r∞ = 1 in case Σ = D. Finally, take any sequence {σn}n∈N with 0< σn < 1 and so that∏∞
k=1 σk = 1/2.
We will obtain the immersion Y as a limit of a sequence of immersions {Xn}n∈N . For any n ∈ N, we will construct
a family χn = {Xn, εn} where Xn : Σ → R3 is a conformal minimal immersion and εn < 6ε/(n2π2) is a positive number.
Furthermore, the sequence {χn}n2 will satisfy the following properties:
(An) ‖Xn − Xn−1‖ < εn in Drn−1 .
(Bn) distXn (0,S
1
rn ) > n.
(Cn) λXn  σn · λXn−1 in Drn−1 .
(Dn) (Xn)3 = X3.
The sequence is constructed in a recursive way. The ﬁrst element of the sequence consists of the immersion X1 = X and
any positive ε1 < 6ε/π2. Assume we have deﬁned χ1, . . . ,χn . Let us show how to construct the element χn+1. Consider
a sequence {ξm}m∈N decreasing to zero with each ξm less than both εn and 6ε/(π2(n + 1)2). Let Fm : Σ → R3 be the
immersion obtained from Lemma 1 for the data
X = Xn, r = rn, R = rn+1, ε = ξm, s = n + 1.
The sequence {Fm}m∈N converges to Xn uniformly on Drn . Therefore, there exists m0 ∈ N large enough so that
λFm0
 σn+1 · λXn in Drn . (3)
Recall that 0< σn+1 < 1. Label Xn+1 := Fm0 and εn+1 := ξm0 . Properties (L2), (L1) and (L3) imply (An+1), (Bn+1) and (Dn+1),
respectively. Finally, inequality (3) gives (Cn+1). This concludes the construction of the sequence {χn}n∈N .
Since Σ =⋃n∈N Drn , we infer from properties (An), n ∈ N, that {Xn}n∈N converges to a smooth map Y : Σ → R3 uni-
formly on compact sets of Σ . Let us check that Y satisﬁes the conclusion of the theorem.
• Y is an immersion. Indeed, consider p ∈ Σ . Fix n0 ∈ N so that p ∈ Drn0 . From properties (Cn), n > n0, we obtain that
λXn(p)
1 · λXn (p),2 0
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where we have used that
∏∞
k=1 σk = 1/2. If we take limits in the above inequality as n → ∞ we infer that λY (p) 
1
2λXn0
(p) > 0, and therefore, Y is an immersion.
• Since Y is harmonic (Harnack’s Theorem), it is minimal and conformal.
• Y is complete. In order to check it, let α be a divergent curve in Σ starting at 0. Then, for any k ∈ N, we have
lengthY (α) lengthY (α ∩Drk )
1
2
lengthXk (α ∩Drk ) >
k
2
,
where we have used properties (Bn) and (Cn), n k. Hence, lengthY (α) = +∞, which proves the completeness of Y .
• Statement (a) follows from properties (An), n ∈ N, and the facts that ∑n1 εn < ε and K ⊂ Drn , ∀n ∈ N.• Statement (b) is a trivial consequence of properties (Dn), n ∈ N.
The proof is done.
3.1. Proof of Lemma 1
Let (g,Φ3) be the Weierstrass data of the immersion X . Since X3 is non-constant and Σ is simply connected we can
write Φ3 = φ3(z)dz with φ3 non-identically zero. Therefore, there exist a constant δ > 0 and two real numbers r′ and R ′
with r < r′ < R ′ < R , satisfying
|φ3| > δ in DR ′ \Dr′ . (4)
Fix a natural N (which will be speciﬁed later) such that 2/N < R ′ − r′ . The immersion X˜ will be obtained from X by
using the López–Ros transformation. The effect of this deformation will be concentrated on a labyrinth of compact sets
contained in DR ′ \ Dr′ . On the other hand, the deformation hardly acts on Dr . The shape of the labyrinth is inspired by
those used by Jorge and Xavier [11]. Let us describe it.
For any n ∈ N, n = 1, . . . ,2N2, deﬁne sn = R ′ − n/N3 and label s0 = R ′ . Now, consider the set (see Fig. 1)
Kn =
{
z ∈ C
∣∣∣ sn + 1
4N3
 |z| sn−1 − 1
4N3
,
1
N2
 arg
(
(−1)nz) 2π − 1
N2
}
.
Then, consider
K =
2N2⋃
n=1
Kn.
From the deﬁnition of the compact set K it follows that any curve joining S1r′ and S1R ′ without going through K must
have large Euclidean length. This fact is stated in the following claim.
Claim 1. Let λ2|dz|2 be a conformal metric on Σ satisfying
λ
{
c in DR ′ \Dr′ ,
cN4 in K,
for some c > 0.
Then, there exists a positive constant ρ depending on neither c nor N and such that
lengthλ2|dz|2(α) > ρ · c · N
holds, for any α curve in Σ joining S1′ and S1 ′ .r R
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consider a holomorphic function hβ : Σ → C∗ with the following two properties:
• |hβ − 1| < 1/β in Dr .
• |hβ − β| < 1/β in K.
The set K ∪Dr is a compact set and Σ \ (K ∪Dr) is connected. Hence, the existence of the above function is guaranteed by
Runge’s Theorem.
Deﬁne the Weierstrass data on Σ
gβ := g
hβ
, Φ
β
3 := Φ3.
These Weierstrass data give rise to a conformal minimal immersion Xβ : Σ → R3. Notice that hβ converges to 1 (resp. ∞)
uniformly on Dr (resp. K). Hence, there exists a large enough β0 such that
(i) ‖Xβ0 − X‖ < ε in Dr .
(ii) λXβ0  δ · N4 in K, where δ was deﬁned in Eq. (4), and λ2Xβ0 is the conformal factor of the metric induced by Xβ0
(see (2)).
Label X˜ := Xβ0 . Let us check that X˜ has the desired properties, provided that N was chosen to be large enough. From the
very deﬁnition of X˜ , statements (L2) and (L3) trivially hold. In order to check (L1) notice ﬁrst that
λ X˜  |φ3| > δ in DR ′ \Dr′ , (5)
where we have taken into account (4). Then, properties (ii), (5) and Claim 1 guarantee that
length X˜ (α) δ · ρ · N,
for any curve α in Σ joining 0 with S1R . If we choose N large enough so that δ ·ρ ·N > s (recall that neither ρ nor δ depend
on N), this ﬁnishes the proof.
4. Some consequences of Theorem 1
Some interesting results for minimal and more general surfaces follow from our main theorem.
As we deal with simply connected surfaces, it is not hard to realize any harmonic function as a coordinate function of
a conformal minimal immersion. Hence, Theorem 1 implies that any harmonic function on a simply connected domain is a
coordinate function of a complete conformal minimal immersion, as stated in the following
Theorem 2. Let Σ = C or D and u : Σ → R be a harmonic function. Assume u is non-constant in case Σ = D.
Then there exists a complete conformal minimal immersion Y = (Y1, Y2, Y3) : Σ → R3 such that Y3 = u.
Proof. First of all notice that in case Σ = C and u is constant, the plane x3 = u satisﬁes the conclusion of the theorem.
Thus, let us assume that u is non-constant, and deﬁne the holomorphic 1-form
Φ3 = du + i(du),
where  denotes the Hodge operator. Since Σ is simply connected we can write Φ3 = φ3(z)dz on Σ . Then the pair (g =
φ3,Φ3) are Weierstrass data on Σ and so they deﬁne a conformal minimal immersion X = (X1, X2, X3) : Σ → R3. Moreover,
it is straightforward to check that X3 = u. Now, applying Theorem 1 to the immersion X , any compact set K ⊂ Σ and any
positive ε, we obtain an immersion fulﬁlling the statement of the theorem. 
Another interesting (and immediate) consequence of Theorem 1 is a density type result. Let u : Σ → R be a non-constant
harmonic function, and label
Au =
{
X = (X1, X2, X3) : Σ → R3 conformal minimal immersion
∣∣ X3 = u}.
With this notation the following holds.
Corollary 1. Let u : Σ → R be a non-constant harmonic function on Σ = C or D.
Then complete immersions in Au are dense in Au , endowed with the topology of uniform convergence on compact sets.
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(F1, F2, F3) : Σ → C3 is said to be a holomorphic null curve if its coordinate functions are holomorphic and satisfy(
F ′1
)2 + (F ′2)2 + (F ′3)2 = 0,
where ′ denotes the complex derivative (see for instance [16]). Using the Weierstrass representation, simply connected
minimal surfaces in R3 can be seen as the real part of holomorphic null curves in C3, and conversely. Moreover, the minimal
surface and the associated holomorphic null curve have the same metric. Moreover, if a null curve F = (F1, F2, F3) : Σ → C3
is complete, then so is the holomorphic immersion (Fi, F j) : Σ → C2, i, j = 1,2,3, i < j. This allows us to prove the next
result.
Corollary 2. Let f : Σ → C be a holomorphic function on Σ = C or D. Assume f is non-constant if Σ = D.
Then there exist a complete holomorphic null curve F = (F1, F2, F3) : Σ → C3 and a complete holomorphic immersion H =
(H1, H2) : Σ → C2 with F3 = f = H2 .
Maximal surfaces in the 3-dimensional Lorentz–Minkowski space R31 = (R3,dx21 + dx22 − dx23) are spacelike surfaces
with vanishing mean curvature. There is a close connection between minimal and maximal surfaces. Indeed, if X =
Re
∫
(Φ1,Φ2,Φ3) : Σ → R3 is a conformal minimal immersion deﬁned on a simply connected surface Σ , then
Xˆ = Re
∫
(iΦ1, iΦ2,Φ3) : Σ → R31
is a conformal maximal immersion (possibly with lightlike singularities), with the same third coordinate function. See [12,9]
for more details on maximal surfaces. As in the Riemannian case, a simply connected maximal surface can be seen as the
real part of a Lorentzian null holomorphic curve in C3 (see [20]). Using this connections we can translate Theorem 2 and
Corollary 2 to the Lorentzian setting.
Corollary 3. LetΣ = C orD and u : Σ → R be a harmonic function (resp., f : Σ → C be a holomorphic function). Assume u (resp., f )
is non-constant in case Σ = D.
Then there exists a conformal maximal immersion (resp. a Lorentzian null curve) possibly with lightlike singularities, Y =
(Y1, Y2, Y3) : Σ → R31 (resp., Z = (Z1, Z2, Z3) : Σ → C3), such that Y3 = u (resp., Z3 = f ) and Y (resp., Z ) is weakly complete
in the sense of Umehara and Yamada [20].
Finally, we would like to remark that our results are sharp in the following sense. Recall that Nadirashvili’s techniques
give complete conformal bounded minimal disks. Since our arguments are inspired by his techniques, it could be expected
that, starting from a bounded harmonic function on the disk, one could obtain a complete bounded minimal immersion
having this function as a coordinate function. However, the following proposition shows that this is not possible in general.
Proposition 1. Let X = (X1, X2, X3) : D → R3 be a complete conformal minimal immersion. Assume that X3 can be extended
smoothly to the closed disk D.
Then X1 and X2 are unbounded on D.
Proof. Let Φ = (Φ1,Φ2,Φ3) be the Weierstrass data of X and write Φ j = φ j(z)dz, j = 1,2,3.
Reasoning by contradiction, let us assume that X2 is bounded. Then Bourgain’s Theorem [6] gives the existence of a real
number 0< θ < 2π such that
1∫
0
∣∣φ2(reiθ )∣∣dr < ∞.
On the other hand, the assumption on X3 guarantees that
1∫
0
∣∣φ3(reiθ )∣∣dr < ∞.
Since X is a conformal map, it follows that |φ1|2  |φ2|2 + |φ3|2 and so, from the above inequalities we get
1∫
0
∥∥(φ1, φ2, φ3)(reiθ )∥∥dr < ∞ (‖ · ‖ means Euclidean norm in C3),
which contradicts the completeness of X . 
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